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Abstract

Training deep neural networks is a structured optimization problem, because the1

parameters are naturally represented by matrices and tensors rather than by vectors.2

Under this structural representation, it has been widely observed that gradients are3

low-rank and Hessians are approximately block-wise diagonal. These structured4

properties are crucial for designing efficient optimization algorithms, but are not5

utilized by many current popular optimizers like Adam. In this paper, we present6

a novel optimization algorithm ASGO that capitalizes on these properties by em-7

ploying a preconditioner that is adaptively updated using structured gradients. By8

fine-grained theoretical analysis, ASGO is proven to achieve superior convergence9

rates compared to existing structured gradient methods. Based on the convergence10

theory, we further demonstrate that ASGO can benefit from the low-rank and11

block-wise diagonal properties. We also discuss practical modifications of ASGO12

and empirically verify ASGO’s effectiveness on language model tasks.13

1 Introduction14

Numerical optimization algorithms, especially those can efficiently train large foundation models [De-15

vlin et al., 2018, Brown et al., 2020, Touvron et al., 2023, Touvron et al., Ouyang et al., 2022], play16

an important role in the modern machine learning field. Among them, adaptive gradient methods like17

AdaGrad [Duchi et al., 2011] and Adam [Kingma and Ba, 2014] are popular choices, gaining huge18

success in training state-of-the-art models in many tasks. These algorithms typically apply a diagonal19

matrix preconditioner to the gradient gt to update the deep neural network (DNN) parameters wt;20

wt+1 = wt − ηtΛ
−1
t gt, where wt ∈ Rd, gt ∈ Rd, and Λt ∈ Rd×d is a diagonal matrix.

This coordinate-wise step size design has been theoretically verified to be effective as it can exploit the21

sparsity of the gradient vectors gt [Duchi et al., 2011]. Also, when the Hessian is well-approximated22

by a diagonal matrix whose diagonal entries have very different scales, adaptive gradient methods23

have been proven to be beneficial [Liu et al., 2024, Jiang et al., 2024a, Xie et al., 2024]. While24

these results seem to be convincing, common DNNs do not necessarily have sparse gradients or25

Hessians that are well-approximated by ill-conditioned diagonal matrices. Instead, if we take the26

matrix structure of gradients in neural networks into account, it has been widely observed that these27

structured gradients are usually low-rank [Zhao et al., 2021, Yang et al., 2023, Cosson et al., 2023],28

and the Hessians are well-approximated by block-wise diagonal matrices [Collobert, 2004, Zhang29

et al., 2024a,b]. Since adaptive gradient methods like Adam, treat the parameters as vectors and ignore30

the matrix structure of gradients, they are generally unable to exploit these structured properties. This31

gap makes us ask the following question: How can we properly consider the matrix structures of32

gradients and exploit their low-rank and block-wise diagonal properties?33

One possible answer is provided by Shampoo [Gupta et al., 2018]:34

Wt+1 = Wt − ηtL
− 1

4
t GtR

− 1
4

t , where Wt, Gt ∈ Rm×n and Lt ∈ Rm×m, Rt ∈ Rn×n are full matrices.
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The main motivation for such a design is that if we apply vectorization to the update, the Shampoo35

preconditioner is a single matrix that is the Kronecker product of L− 1
4

t and R
− 1

4
t , which approximates36

the full-matrix preconditioner for AdaGrad [Duchi et al., 2011]. However, the theoretical convergence37

of Shampoo is worse than that for AdaGrad or even SGD when the dimension is large. Also, Shampoo38

needs more memory and much heavier computation than adaptive gradient methods because it requires39

two preconditioners, making it less suitable for training large-scale DNNs.40

In this paper, we provide an answer to the aforementioned question by proposing ASGO (Adaptive41

Structured Gradient Optimization), which significantly improves the convergence guarantees of42

Shampoo while requiring less memory and computation. In light of the analysis that demonstrates the43

benefits of adaptive gradient methods [Duchi et al., 2011, Liu et al., 2024, Jiang et al., 2024a, Xie et al.,44

2020], we use appropriate assumptions to enable a more fine-grained convergence analysis, showing45

superior convergence results and how ASGO can benefit from the low-rank and block-wise diagonal46

properties of the problem. We also discuss the connection between ASGO and Muon [Jordan et al.,47

2024], a structured gradient method based upon the steepest descent algorithm with spectral norm,48

to conjecture a relation between ASGO and Muon analogous to the relation between AdaGrad and49

SignSGD [Bernstein et al., 2018, Kunstner et al., 2023]. Furthermore, we develop an efficient design50

for query-key attention parameters in transformer models and examine the empirical performance on51

pretraining transformer model tasks.52

Our main contributions are summarized as follows.53

• We propose the structured gradient based algorithm ASGO, theoretically analyze its convergence,54

and show that it converges faster than full-matrix AdaGrad and Shampoo.55

• We further demonstrate that ASGO can effectively exploit the low-rankness of gradients as well as56

the approximate block-wise diagonal property of Hessians that is typically observed in training57

DNNS, hence indicating great potential of ASGO for real-world applications.58

• We develop a practical implementation of ASGO with targeted modifications for transformer59

architectures that offers significant advantages: it eliminates the need for a separate optimizer for60

1D parameters in contrast to Muon, while requiring less memory and computational complexity61

than Shampoo.62

• We empirically validate the effectiveness of ASGO with modifications on language model tasks,63

demonstrating the algorithm’s great potential in real applications.64

2 Related Work65

Adaptive Gradient Methods. Adaptive gradient methods that use diagonal preconditioners to66

speedup the convergence are extremely popular for solving many real-world optimization problems.67

To the best of our knowledge, the first method of this kind for machine learning, AdaGrad [Duchi68

et al., 2011, Streeter and McMahan, 2010], was developed based on rigorous theory that showed the69

benefits of using this kind of preconditioner. Adam [Kingma and Ba, 2014, Loshchilov and Hutter,70

2017] modified AdaGrad and has become the default choice for training large foundation models.71

In theory, it has been proven that adaptive gradient methods can benefit from sparse gradients and72

approximately ill-conditioned Hessians [Duchi et al., 2011, Liu et al., 2024, Jiang et al., 2024a, Xie73

et al., 2024]. It is worth noting that the original AdaGrad paper [Duchi et al., 2011] also proposed74

a version of AdaGrad that uses a full-matrix preconditioner instead of the diagonal one, which75

is believed to perform even better. However, this full-matrix AdaGrad method suffers from large76

memory costs for storing the preconditioner, and there is no better convergence guarantee compared77

to diagonal AdaGrad and SGD under the same settings as listed in Section 4.78

Optimization with Matrix Structure. In the standard optimization literature (i.e., excluding areas79

such as conic optimization), it is common to consider variables as vectors. However, recently,80

optimization methods for machine learning that consider variables as matrices have been rapidly81

gaining attention. Adafactor [Shazeer and Stern, 2018], LAMB [You et al., 2019], and Adam-82

mini [Zhang et al., 2024b] consider the matrix or layer structure to help reduce the memory cost of83

Adam and enable more efficient training. Shampoo [Gupta et al., 2018] and KFAC [Martens and84

Grosse, 2015] are two pioneering works that approximate, respectively, the full-matrix preconditioner85

of AdaGrad and the true Fisher matrix (FM), using Kronecker products of smaller matrices, making86
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the memory cost more affordable. Unfortunately, the analysis in [Gupta et al., 2018] shows that87

the rate of convergence for Shampoo is no better than that for the full-matrix AdaGrad. We note88

that there is another method, TNT [Ren and Goldfarb, 2021] that is very closely related to Shampoo.89

TNT was developed as a natural gradient method, approximating the true FM by the covariance of90

block-wise sampling-based gradients assuming that they are Tensor-Normally distributed. The main91

difference between TNT and Shampoo, is that TNT uses true FMs and inverses of their Kronecker92

factors, whereas Shampoo uses empirical FMs and the -1/4 power of their factors. More discussion93

on recent and concurrent work is presented in Appendix A.94

3 Our ASGO Algorithm95

3.1 Notation and problem setting96

Throughout this paper, we use capital letters such as W to represent matrices and [W ]i,j to denote97

the (i, j)-th entry of W . For an arbitrary matrix W ∈ Rm×n, we denote98

• ∥W∥op as the spectral norm of a matrix W , i.e., the largest singular value of it;99

• ∥W∥∗ as the trace norm of a matrix W , i.e., the summation of its singular values, which is100

well-known as the dual norm of the spectral norm;101

• ∥W∥F as the Frobenius norm of W , which also equals tr
(
W⊤W

)
, where tr (·) is the trace;102

• ∥W∥L ≜ tr
(
W⊤LW

)
, where L ∈ Rm×m is a real symmetric positive definite matrix.103

For symmetric square matrices, A,B ∈ Rm×m, A ⪯ B denotes that B −A is positive semidefinite104

and A ≺ B denotes that B −A is positive definite. ≻ and ⪰ are defined accordingly.105

We study the following stochastic optimization problem:106

min
W∈Rm×n

f(W ) ≜ Eξ [f(W, ξ)] , (1)

where we only have access to a stochastic gradient oracle ∇f(W ; ξ) at W .107

3.2 ASGO (Algorithm 1)108

We propose ASGO (Adaptive Structured Gradient Optimization) in Algorithm 1, which is an109

algorithm with a single-side preconditioner. Compared to full-matrix AdaGrad, ASGO preserves110

and utilizes the matrix structure of Wt and Gt, avoiding the huge memory cost for storing its111

preconditioner. ASGO’s preconditioner consists of a single matrix compared to the two matrices used112

by Shampoo, leading to the following main update rule:113

Wt+1 = Wt − ηtV
− 1

2
t Gt, where Wt ∈ Rm×n and Vt ∈ Rm×m is a full matrix.

ASGO only needs to store one preconditioner matrix and compute its matrix square root and inverse114

on each iteration, versus two matrices for Shampoo. On the other hand, ASGO’s preconditioner115

may not be as good an approximation to the full-matrix AdaGrad preconditioner or the empirical116

Fisher matrix [Gupta et al., 2018, Morwani et al., 2024] as Shampoo’s. However, as we shall see in117

the following sections, this design can actually better exploit the low-rankness of gradients and the118

block-wise diagonal nature of Hessians, in terms of achieving better convergence rates.119

4 Nonsmooth Theory120

Although DNNs are generally nonconvex globally, convexity may apply locally in some regions.121

Thus, convex analysis can be helpful for understanding the behavior of DNN training algorithms.122

Assumption 1 (Convexity). f(·) is convex and W∗ is one of its minimizers.123

Theorem 1 (Nonsmooth convergence). Under Assumption 1, for Algorithm 1 with ηt ≡ η = Dop, it124

holds that125

1

T

T−1∑
t=0

E[f(Wt)]− f(W∗) ≤
1

T
E

∥∥∥∥∥∥
(

T−1∑
t=0

GtG
⊤
t

) 1
2

∥∥∥∥∥∥
∗

 ·Dop +
ϵD2

F

DopT
,
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Algorithm 1 ASGO (Adaptive Structured Gradient Optimization)
1: Input: W0 ∈ Rm×n, schedule {ηt} batch size M ∈ N, and the number of iterations T ,

ϵ > 0, (ϵ should be small, similar to the ϵ for Adam or AdaGrad.)
2: Initialize V−1 = 0 ∈ Rm×m

3: for t = 0 to T − 1 do
4: Sample mini-batch Bt with |Bt| ≡ M uniformly
5: Gt =

1
M

∑
ξ∈Bt

∇W f(Wt; ξ) ▷ Compute stochastic sub-gradient
6: Vt = Vt−1 +GtG

⊤
t

7: Λt = V
1
2
t + ϵIm ▷ Use the square root of the summation to update

8: Wt+1 = Wt − ηtΛ
−1
t Gt

9: end for

where Dop ≜ max0≤t≤T−1 ∥Wt −W∗∥op and DF ≜ max0≤t≤T−1 ∥Wt −W∗∥F.126

Corollary 2. If we also assume an upper bound for each stochastic sub-gradient such that127

E
[
GtG

⊤
t

]
⪯ Q2, where Q ∈ Rm×m is a positive definite matrix, Theorem 1 also implies128

1

T

T−1∑
t=0

E[f(Wt)]− f(W∗) ≤ O
(
∥Q∥∗ Dop√

T
+

ϵD2
F

DopT

)
.

Remark 1. Note that we treat Dop as a constant here, but it may increase as the iteration number T129

increases. This can be addressed, for example, by invoking a projection onto a bounded convex set130

W with respect to the norm ∥·∥Λt
in each iteration, as in AdaGrad [Duchi et al., 2011]. Dop would131

then be bounded by the spectral norm of W . However, since this projection is rarely used in training132

DNNs, we follow Gupta et al. [2018] and omit it in Algorithm 1. More importantly, this theoretical133

bound depends on the trace norm of gradients and the spectral norm of weights, showing that the134

algorithm can make use of the low-rank property of gradients.135

One can easily check that this convergence rate for convex nonsmooth problems is O(1/
√
T ), the136

same as SGD [Zinkevich, 2003] (see below) and AdaGrad [Duchi et al., 2011].137

Comparison with SGD. The convergence rate for SGD under the assumptions of Corollary 2 is:138

SGD:
1

T

T−1∑
t=0

E[f(Wt)]− f(W∗) ≤ O
(
DF ∥Q∥F√

T

)
,

where DF and ∥Q∥F are the Frobenius norm upper bounds for the weights and gradients, respectively.139

By comparing this bound with Corollary 2, we have140

• ∥Q∥F ≤ ∥Q∥∗ ≤ √
rG ∥Q∥F, where rG is the rank of Q. Thus when Gt are low-rank, or have141

very imbalanced singular values, ∥Q∥∗ can be close to ∥Q∥F;142

• DF/
√
rD ≤ Dop ≤ DF, where rD = max rank of(Wt−W∗). Thus, when Wt−W∗ are relatively143

high-rank or have lots of singular values of a similar scale, Dop can be much smaller than DF.144

Therefore, ASGO should work well when Gt are low-rank and Wt −W∗ are relatively high-rank.145

Intuitions on ASGO in practical tasks. We argue that low-rank Gt and relatively high-rank Wt−W∗146

should be common in many practical tasks, revealing the potential of ASGO in applications. As we147

have discussed in Section 2, gradients are commonly low-rank in DNNs, as verified by Zhao et al.148

[2021], Yang et al. [2023], Cosson et al. [2023]. Meanwhile, given the huge success of LoRA [Hu149

et al., 2022] in fine-tuning foundation models, which naturally asserts a low-rank total update in150

W , there may seem to be a conflict to assume that Wt −W∗ has a high rank. However, it has been151

observed that W0 −W∗ should be relatively high-rank to obtain a better result, at least in pretraining152

and some complex fine-tuning tasks for large foundation models [Lialin et al., 2023, Jiang et al.,153

2024b, Huang et al., 2025]. Further exploration of the connection between the rank of weight updates154

and the performance of algorithms is an interesting topic for future research.155

Comparison with Full-Matrix AdaGrad and Shampoo. Shampoo [Gupta et al., 2018] and the156

full-matrix AdaGrad [Duchi et al., 2011] achieve the following convergence rates under the same157
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settings as Theorem 1.158

Full-Matrix AdaGrad: O

DF

m∑
j=1

n∑
i=1

√√√√T−1∑
t=0

[Gt]2i,j


Shampoo: O

√
rDF · tr

(T−1∑
t=0

GtG
⊤
t

) 1
4

 · tr

(T−1∑
t=0

G⊤
t Gt

) 1
4

 .

We can check that Theorem 1 indicates a convergence speed that is at least DF/Dop times faster than159

full-matrix AdaGrad and
√
rGDF/Dop times faster than Shampoo; (see Appendix E for proofs). This160

also provides theoretical evidence that single-side preconditioning may be better at exploiting low-161

rankness of gradients, yielding a faster convergence speed compared to Shampoo-like preconditioning.162

Remark 2. Proofs of all of the results in this section are given in Appendix E. We keep the matrix163

structure of Wt and Gt throughout our analysis, in contrast to standard analyses of the convergence164

of AdaGrad and Shampoo, which are based on vectorizations of Wt and Gt. This is important for165

proving that ASGO can exploit the structured properties.166

5 Smooth Theory167

It is also important to study the performance of Algorithm 1 in smooth settings, as many real training168

tasks have been widely observed to be smooth, at least locally. Also, only in smooth settings can we169

properly describe the importance of batch size.170

Assumption 2 (Smoothness). f is 1-smooth with respect to ∥·∥L, where L ∈ Rm×m is a symmetric171

positive definite matrix and for any X ∈ Rm×n,172

∥X∥2L ≜ tr
(
X⊤LX

)
.

If X = [x1, . . . xn], where each xi ∈ Rm, and we vectorize X , i.e., x ≡ vec(X) = (xT
1 , . . . , x

T
n )

T ,173

and form the block diagonal matrix L ≡diag[L, . . . , L], we obtain that tr
(
X⊤LX

)
=174 ∑n

i=1 x
⊤
i Lxi = xTLx. This means that Assumption 2 is equivalent to the existence of a sym-175

metric matrix L ∈ Rm×m, L ≻ 0 such that for any w ∈ Rmn, −L ⪯ ∇2fv(w) ⪯ L, where176

fv(w) = f(W ), W = [w1, . . . , wn] ∈ Rm×n and w ≡ vec(W ) = [wT
1 , . . . , w

T
n ]

T ∈ Rmn.177

Hence, it is closely related to the block-wise diagonal structure of the Hessian as observed by many178

researchers; (see Figure 3 in Appendix A). Also note that Assumption 2 implies the standard smooth-179

ness assumption with respect to the Frobenius norm by ∥∇fv(w)∥op ≤ ∥L∥op. This block-wise180

diagonal smoothness is an extension of the standard smoothness, which is related to but different181

from the diagonal anisotropic smoothness employed for analyzing sign-based and adaptive gradient182

methods [Bernstein et al., 2018, Liu et al., 2024].183

Assumption 3 (Variance). Let Nt ≜ ∇f(Wt; ξ) − ∇f(Wt) ∈ Rm×n be the stochastic gradient184

noise. We assume that E[Nt] = 0 and there exists a symmetric positive definite matrix V such that185

E
[
NtN

⊤
t

]
⪯ V 2.

One can check that Assumption 3 implies the standard variance bound E[∥Nt∥2F] ≤ ∥V ∥2F. The186

assumption shares some similarity with the coordinate-wise variance bounds in Bernstein et al. [2018],187

Crawshaw et al. [2022], Liu et al. [2024], in the sense that it allows a more fine-grained analysis.188

This matrix-form variance upper bound may better describe the real case since it takes the structure189

of the noise into account, which is relevant to matrix rank and other structured properties.190

Theorem 3 (Smooth Convergence). Under Assumptions 1, 2 and 3, for Algorithm 1 with ηt ≡ η =191

Dop and a batch size of M , it holds that192

1

T

T−1∑
t=0

E[f(Wt)]− f(W∗) ≤
4D2

op ∥L∥∗
T

+
2
√
2Dop ∥V ∥∗√

MT
+

2ϵD2
F

DopT
,

where Dop ≜ max0≤t≤T−1 ∥Wt −W∗∥op, and DF ≜ max0≤t≤T−1 ∥Wt −W∗∥F.193
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As discussed in Section 4, Dop and DF can be bounded if we add a projection step in the update.194

The convergence rate specified in Theorem 3 is similar to the rate in Corollary 2 if the batch size195

M is small, when the O(1/
√
MT ) term dominates the rate, and thus shares the same properties as196

we discussed in Section 4. This means that ASGO can benefit if the stochastic gradient noise V197

is generally low-rank. Furthermore, when the batch size M is large so that the O(∥L∥∗ /T ) term198

contributes significantly to the bound, Theorem 3 implies more, which we now discuss.199

Comparison with SGD. The convergence rate of SGD [Garrigos and Gower, 2023] is:200

SGD:
1

T

T−1∑
t=0

E[f(Wt)]− f(W∗) ≤ O

(
D2

F ∥L∥op
T

+
DF ∥V ∥F√

MT

)
,

where DF is defined in Theorem 3. Since the comparison between the O(1/
√
MT ) term is generally201

consistent with the discussion in Section 4, we further compare the O(1/T ) term here to provide202

some more intuition: we have203

• ∥L∥op ≤ ∥L∥∗ ≤ rL ∥L∥op, where rL is the rank of L. Thus when L is low-rank, or has very204

imbalanced singular values, ∥L∥∗ can be close to ∥L∥op;205

• DF/
√
rD ≤ Dop ≤ DF, where rD = max rank of (Wt − W∗). Thus when Wt − W∗ are of206

relatively high-rank or have lots of singular values of a similar scale, Dop can be much smaller207

than DF.208

Therefore, we can see that in general, ASGO should work well when the Hessian can be well209

approximated by a block-wise diagonal matrix with a low-rank L for each block and Wt −W∗ are of210

relatively high-rank. Note that Hessians have been found to be low-rank in DNNs, especially after211

some steps of training [Sagun et al., 2016, 2017, Wu et al., 2020].212

Block-wise diagonal structure of DNNs. It has been widely observed that the Hessian of MLPs213

and other DNNs, are approximately block-wise diagonal [Collobert, 2004, Zhang et al., 2024a,b,214

Bahamou et al., 2022], as shown in Figure 3 in Appendix A. This block-wise diagonal structure215

naturally arises from the structure of MLPs, where all the parameters associated with a particular216

neuron (i.e., all elements of either a row or column of W ) are more closely related and have a denser217

block Hessian matrix, than a set of parameters that do not share such an association. Intuitively,218

the elements of the rows of W seem to be more likely to be closely related to the columns of W .219

Based on Theorem 3, our algorithm should perform well in this block Hessian setting, showing great220

potential in real applications.221

Intuition on single-side preconditioners. Since ASGO only uses single-side preconditioners, it is222

important to determine on which side they should be applied. As demonstrated in Figure 3, a block in223

the Hessian commonly corresponds to all input weights into a neuron in the next layer, i.e., as a row224

of W . Therefore, we may want the single-side preconditioner to be on the right side of Gt. Based on225

this block-wise diagonal structure, Shampoo-like double-sided preconditioners may not only suffer226

from higher memory and computation costs, but also may precondition less effectively, since they are227

trying to approximate the structured curvature information matrix using a dense matrix produced by a228

Kronecker product [Gupta et al., 2018, Morwani et al., 2024].229

Remark 3. The proof of Theorem 3 is given in Appendix F. The analysis is similar in its general230

outline to the smooth analysis for AdaGrad [Levy et al., 2018, Liu et al., 2024], but it is more complex231

because of the involvement of matrix operations in ASGO.232

6 Further Discussions on ASGO233

Connection with Muon. Muon [Jordan et al., 2024] can be interpreted as a standard steepest234

descent algorithm utilizing the spectral norm [Bernstein and Newhouse, 2024b] with momentum. If235

we ignore the incorporated momentum, Muon computes236

Wt+1 = argmin
W∈Rm×n

{
⟨Gt,W −Wt⟩+

1

2ηt
∥W −Wt∥2op

}
, (2)

preserving the matrix structure of the problem and naturally exploiting the structured properties237

because of the involvement of spectral norm in the steepest descent framework. This aligns with238
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ASGO’s exploitation of structured properties. Moreover, if we ignore the momentum in both the239

gradient and the preconditioner, we can see that ASGO is equivalent to Muon.1 Interestingly, this240

equivalence between ASGO and Muon in both theoretical basis and algorithm design is analogous241

to that between diagonal AdaGrad and SignSGD [Bernstein et al., 2018, Kunstner et al., 2023]. In242

this sense, we may interpret ASGO and Muon as AdaGrad and SignSGD for structured gradients,243

respectively. Note that Shampoo also admits such a relation with Muon in algorithmic design.244

However, as discussed in Section 4, Shampoo has a worse convergence rate and thus fails to benefit245

from the structured properties as does ASGO. To some extent, this means that ASGO may be a more246

appropriate approach than Shampoo as such an analog to diagonal AdaGrad.247

From this intuition, we may also conjecture what the nonconvex convergence rate of ASGO is based248

on what it is for Muon. Hence, we prove in Appendix G that this rate for Muon is:249

min
0≤t≤T−1

∥∇f(Wt)∥2∗ ≤ O
(
∥L∥∗ (f(W0)− f∗)

T

)
, (3)

where we assume that f∗ ≜ inf f(W ) > −∞. Since diagonal AdaGrad and SignSGD have the250

same convergence rate in nonconvex settings up to logarithmic factors [Bernstein et al., 2018, Sun251

et al., 2023, Liu et al., 2024], we expect that ASGO has a nonconvex convergence rate comparable252

to (3) obtained by Muon up to logarithmic factors. It is an interesting future topic to prove this253

conjecture and further explore the nonconvex behavior of ASGO theoretically. Also, we note that254

as an intuitively smoother version of Muon, ASGO has good convergence properties in nonsmooth255

settings as shown in Section 4, where Muon, like SignSGD [Bernstein et al., 2018], may fail to256

converge [Karimireddy et al., 2019].257

Remark 4. However, in smooth settings, nonconvex convergence analysis of Muon has been presented258

in Li and Hong [2025]. They establish the convergence results under a more general setting, involving259

gradient noise and momentum following the analysis in Cutkosky and Mehta [2020]. However, if we260

only look at the deterministic case, their result is worse than (3) because of the explicit dependence261

on the dimension n. The key here is that the standard smoothness condition with respect to the262

Frobenius norm is not a good fit for analyzing structured gradient algorithms like Muon or ASGO.263

Using Assumption 2, we obtain better convergence results for Muon in (3).264

Practical Implementations of ASGO. We also provide Algorithm 2, a practical implementation of265

ASGO inspired by Adam [Kingma and Ba, 2014] and distributed Shampoo [Shi et al., 2023], together266

with a memory efficient diagonal variant of ASGO, named DASGO in Algorithm 3. DASGO is267

basically a light-weight optimizer with the preconditioner Λt of ASGO being diagonalized, which is268

efficient in both memory and computations. Please refer to Appendix B for details.269

7 Empirical Results270

We empirically evaluate the effectiveness of ASGO (Algorithm 2) and DASGO (Algorithm 3) on271

pretraining and finetuning tasks for Large Language (LL) models. We compare the methods against272

established optimizers, including AdamW [Kingma and Ba, 2014, Loshchilov and Hutter, 2017],273

Shampoo [Gupta et al., 2018], and Muon [Jordan et al., 2024]. Several important implementational274

details should be noted for fair comparison. First, since Muon is designed to operate exclusively275

on matrix parameters, we follow Jordan et al. [2024] and apply AdamW update rules to all 1D276

parameters within the Muon optimizer to ensure that it can handle the complete model.277

All experiments were conducted using NVIDIA V100s SMX2 GPUs. Specifically, for the larger-scale278

pretraining of GPT2, we utilized a configuration of four V100 GPUs, while other experiments were279

performed on a single V100 GPU.280

7.1 Pretraining NanoGPT281

We first conducted experiments using the NanoGPT architecture on the Shakespeare character282

dataset, following the configuration in [Karpathy, 2022]. To ensure a fair comparison, we maintained283

consistent hyperparameter (HP) settings varying only those parameters that significantly impacted284

optimizer performance, i.e., learning rate, 1st and 2nd order moment coefficients (β1 and β2) and so285

1A proof of this equivalence can be found in Appendix G.
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on) 2. For consistency across all optimization methods, we employ the OneCycleLR learning rate286

schedule, which has been shown to provide stable convergence properties in deep learning tasks.287

Figure 1 presents a comparison of the pretraining performance of ASGO and DASGO with that of288

Shampoo, Muon and AdamW on the NanoGPT model. See Appendix C for a plot of the training loss.289
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Figure 1: Validation Loss for NanoGPT

Examining both test and training loss curves, ASGO con-290

sistently outperforms Shampoo despite requiring only half291

the memory consumption and computational effort, which292

highlights ASGO’s practical advantages for training lan-293

guage models. Furthermore, ASGO and Muon achieve294

the lowest final training and test losses, outperforming295

all other methods. This consistent performance between296

ASGO and Muon aligns well with our discussions in Sec-297

tion 6. Moreover, The lightweight DASGO optimizer298

achieves competitive results against AdamW in both train-299

ing and test loss metrics. DASGO demonstrates particu-300

larly strong performance during the initial training phase301

(first 200 training steps, which is about the first two epochs), but eventually exhibits a performance302

gap with ASGO. We will discuss this performance gap in Section 7.2.303

7.2 Pretraining GPT2304

To further evaluate the efficacy of ASGO and DASGO, we extended our investigation to larger-scale305

pretraining tasks. We adopted the configuration of the GPT2 model as described by [Karpathy, 2022].306

In this setting, the GPT2 model comprises 12 Transformer blocks, each with a hidden dimension of307

768. Consequently, there are 12 projection layers with dimensions 768×2304. In each of these layers308

alone, Shampoo necessitates storing two matrices of size 768×768 and two matrices of size 2304×2304309

for its state. In contrast, ASGO requires storing only two 768×768 matrices, corresponding to310

the preconditioning and inverse preconditioning factors. This substantial difference in memory311

requirements rendered Shampoo impractical for our large-scale GPT2 pretraining experiments,312

preventing us from obtaining meaningful results within our computational constraints. Therefore, we313

do not report Shampoo’s performance in this setting.314

To ensure a fair comparison, we carefully tuned the learning rates and β2 values (where applicable)315

for all optimizers (tuning details are provided in Section C). Furthermore, we employed a learning316

rate schedule consisting of 200 linear warm-up steps followed by a cosine decay, which is a common317

practice for training LLM models. Figure 2a and Table 1 present a comparison of the training and318

validation loss achieved by ASGO and DASGO against Muon and AdamW on the GPT2 model.319

Table 1: Pretraining GPT2 Validation Loss
AdamW Muon ASGO DASGO

3.96 3.82 3.87 5.23

The training loss curves reveal that ASGO320

achieves a lower final training loss compared321

to AdamW in the pretraining task, suggesting322

superior optimization. This observation is fur-323

ther corroborated by the validation loss (Table324

1), where ASGO’s performance (3.87) is better than AdamW’s (3.96). Interestingly, ASGO’s perfor-325

mance appears more similar to Muon (3.82) in terms of final loss, although ASGO exhibits a slightly326

higher validation loss than Muon.327

ASGO demonstrates potential advantages over Muon. As depicted in Figure 2a, ASGO shows a328

faster initial decrease in training loss. Furthermore, our learning rate sensitivity analysis (Figure 2b),329

with tested candidates [10−3, 5× 10−3, 10−2, 3× 10−2, 5× 1e−2, 7× 10−2, 10−1, 5× 10−1] using330

optimal settings for Muon and ASGO suggests that ASGO might be more robust to learning rate331

selection. Specifically, at higher learning rates (e.g., 10−1, 5× 10−1), ASGO maintains relatively332

stable training while Muon exhibits instability. These observations – faster initial convergence and a333

potentially wider stable learning rate regime for ASGO – are consistent with characteristics often334

associated with adaptive optimization methods, as discussed in Section 6.335

However, DASGO (5.23) underperformed compared to AdamW, Muon, and ASGO in the GPT2336

pretraining task. This performance gap was also observed in the pretraining of the smaller NanoGPT337

model. A primary reason for the difference between DASGO and ASGO likely stems from its338

2A full description of how these “best” HPs were selected and their values are presented in Appendix C.
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Figure 2: Pretraining Performance and Learning Rate Sensitivity on GPT2

diagonal preconditioning. By only retaining and using only the diagonal elements of the GGT ,339

DASGO essentially disregards the inter-dependencies between different parameter gradients from340

neurons within a layer, moving away from a true matrix-based adaptive approach towards a per-341

parameter scaling akin to vector-based methods. This highlights the value of preserving non-diagonal342

elements in the preconditioner matrices, particularly for capturing parameter interactions in attention-343

based architectures. Nevertheless, DASGO’s significantly reduced memory footprint makes it a344

compelling option for resource-limited settings where computational efficiency is paramount.345

7.3 Finetuning GPT2-Large on WikiText-2346

To further assess the performance of our proposed optimizers, we conducted fine-tuning experiments347

on the GPT2-Large(774M) model [Radford et al., 2019] using the WikiText-2 dataset. We explored348

two distinct fine-tuning objectives:349

• First, we fine-tuned GPT2-Large using the standard Causal Language Modeling (CLM) loss, which350

is the conventional approach for autoregressive language models.351

• Second, we also fine-tuned the same GPT2-Large model on WikiText-2 but employed the Fill-in-352

the-Middle (FIM) training objective, following the setting in [Bavarian et al., 2022]. The FIM353

objective modifies the training process to enable the model to learn to infill text by rearranging354

document spans.355

To account for statistical variability, we conducted five experimental runs with different random356

seeds under the same hyperparameter settings. Table 2 presents the average perplexity results357

after fine-tuning for 2 epochs. For both objectives, we employed a cosine decay learning rate358

scheduler. Hyperparameter search details and 95% confidence intervals are provided in Table 6.359

Table 2: Finetuning GPT2-Large Perplexity
AdamW Muon ASGO DASGO

CLM 14.01 13.91 13.88 13.84
FIM 17.46 15.93 15.66 15.45

Under the CLM objective, ASGO (13.88360

perplexity) and DASGO (13.84 perplexity)361

achieved lower perplexity than both Muon362

(13.91 perplexity) and AdamW (14.01 perplex-363

ity). This suggests that both ASGO and its364

memory-efficient variant, DASGO, can be ef-365

fective for traditional LL modeling fine-tuning. When the model was fine-tuned using the FIM366

objective, we observed a similar trend, with ASGO (15.66 perplexity) and DASGO (15.45 perplexity)367

outperforming both Muon (15.93 perplexity) and AdamW (17.46 perplexity). Across both fine-tuning368

scenarios, ASGO and DASGO demonstrated competitive or superior performance compared to these369

baseline optimizers.370

8 Conclusions371

In this paper, we proposed a novel algorithm ASGO, which achieves significantly better convergence372

rates compared to full-matrix AdaGrad and Shampoo. Based on the theory, we demonstrated that373

ASGO can benefit from low-rank gradients and block-wise diagonal Hessians, which are widely374

observed structured properties of DNNs. We further proposed some practical modifications to ASGO,375

and verified its effectiveness empirically. Currently, ASGO still has two major limitations: 1) compu-376

tationally intensive compared to Adam because of the matrix operation; 2) it is not straightforward to377

extend the algorithm to apply to tensors. We plan to look into these issues in future work.378
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A Additional Related Work551

Optimization with Matrix Structure. Much recent work has focused on improving full-matrix552

AdaGrad and Shampoo. Feinberg et al. [2023] uses a sketching-based approach to approximate553

the full-matrix AdaGrad preconditioner with lower memory cost. Morwani et al. [2024] provides554

theoretical intuition and empirical evidence to claim that Shampoo should use the −1/2 power555

in its preconditioners to better approximate the Empirical Fisher (EF) matrix. Vyas et al. [2024]556

demonstrates that Shampoo is like doing Adafactor in the eigenspace of gradients and proposes557

a novel algorithm, SOAP, that performs Adam in this eigenspace. SOAP is observed to achieve558

better performance than Adam and Shampoo, but suffers from a high computation load per iteration.559

Galore [Zhao et al., 2024] shares a similar algorithmic design with SOAP with extra focus on lowering560

memory costs. Muon [Jordan et al., 2024] follows this line of work, using a steepest descent (in the561

spectral norm) framework, which it shows to be scalable and effective in training large foundation562

models [Liu et al., 2025a]. Large et al. [2024], Bernstein and Newhouse [2024a] propose the modular563

approach that has also been applied to improve Muon. More recently, Nguyen et al. [2025] proposes564

AdaDiag, which may be viewed as SOAP doing SVD without gradient accumulation. Liu et al.565

[2025b] proposes COSMOS, a combination of SOAP and Muon, that trades off between performance566

and computational efficiency.567

Rank of Gradients and Weight Updates. It has been widely observed that gradients are naturally568

low-rank in DNNs, even when a large batch size is employed [Gur-Ari et al., 2018, Zhao et al., 2021,569

Yang et al., 2023, Cosson et al., 2023]. This property has been widely utilized for computation and570

memory efficiency in training [Wang et al., 2018, Cosson et al., 2023, Zhao et al., 2024]. On the other571

hand, the rank of the total weight update ∆W = WT −W0, depends a lot on the training method.572

If we use LoRA [Hu et al., 2022], ∆W is determined to be low-rank. However, in pretraining or573

even many complex fine-tuning tasks, LoRA’s performance is much worse than methods that produce574

high-rank weight updates like full-parameter training, which is conjectured to be due to the weight575

update rank [Lialin et al., 2023, Jiang et al., 2024b, Huang et al., 2025].
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Figure 3: This figure is from Zhang et al. [2024b]. It depicts the Hessian of different parameter
blocks in a small Transformer at the 1% training step. The near-block-diagonal structure maintains
throughout training. But different parameter blocks have different numbers of small dense matrices,
where Query and Key correspond to the number of heads.

576

Block-wise Diagonal Hessian. It has been observed that the Hessian of a neural network tends to577

be block-wise diagonal with each block corresponding to a neuron both in experiments and theory578

for small MLPs [Collobert, 2004]. Zhang et al. [2024a,b] recently numerically verified this property579

in small transformers, and as illustrated in Figure 4, further empirically showed that transformers580

may exhibit heterogeneity between blocks, while CNNs may not.581

Concurrent Work. When we were finishing writing this paper, we noticed that the paper [Xie582

et al., 2025], which had just appeared on arXiv, proposes and studies an algorithm, referred to as583

One-Sided Shampoo, that is identical to ASGO. Although the theoretical techniques and convergence584

results proved in [Xie et al., 2025] and here are very similar in general, there are still some notable585

differences between the two works. First, the motivations are different. In Xie et al. [2025], the586

authors develop their method from the unified preconditioning method framework AdaptReg [Gupta587

et al., 2017] and mainly highlight its superior convergence results compared to Shampoo and full-588

matrix AdaGrad. In our paper, we focus more on theoretically discussing how ASGO can utilize the589
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Figure 4: This figure is from Zhang et al. [2024a,b], calculating the Jensen-Shannon (JS) distance
between two eigenvalue densities of all possible block pairs at initialization. It shows that JS distance
of blockwise spectra in CNNs is significantly smaller than that in Transformers.

structured properties of optimization problems including low-rank gradients and block-wise diagonal590

Hessians, to highlight the potential of ASGO as a practical algorithm for training deep learning591

models. Second, our empirical results provide evidence that ASGO can perform well in practical592

tasks, whereas Xie et al. [2025] focuses on convex settings and examines One-Sided Shampoo only593

on linear regression. Moreover, our implementation includes specialized designs for Transformer594

architectures (particularly query/key) to improve performance on deep learning training tasks. As a595

direct byproduct of our main algorithm, we also developed a lightweight diagonal version named596

DASGO to trade off memory consumption and performance. Third, Xie et al. [2025] focuses primarily597

on developing a general proof framework applicable to multiple optimizers including One-Sided598

Shampoo, whereas our work specifically examines the theoretical and practical benefits of ASGO. To599

conclude, both works contribute to a better understanding of ASGO/One-Sided Shampoo.600

B More Discussions on ASGO601

A practical implementation of ASGO. We present a practical implementation of ASGO in Algo-602

rithm 2. Our implementation incorporates several common modifications to enhance computational603

efficiency and stability.604

Algorithm 2 A Practical Implementation of ASGO
1: Input: W0 ∈ Rm×n, lr schedule {ηt}, momentums β1, β2 ∈ [0, 1), batch size M ∈ N, update

interval τ ∈ N, ϵ ∈ R (ϵ should be small, similar to the ϵ for Adam or AdaGrad)
2: Initialize M−1 = 0 ∈ Rm×n, V−1 = 0 ∈ Rn×n or Rm×m

3: for t = 0 to T − 1 do
4: Sample mini-batch Bt with |Bt| ≡ M uniformly
5: Gt =

1
M

∑
ξ∈Bt

∇W f(Wt; ξ) ▷ Compute stochastic gradient
6: Mt = β1Mt−1 + (1− β1)Gt ▷ Accumulate momentum
7: if m < n then
8: Vt = β2Vt−1 + (1− β2)GtG

⊤
t

9: else
10: Vt = β2Vt−1 + (1− β2)G

⊤
t Gt ▷ Use exponential moving average to update Vt

11: end if
12: if mod(t, τ) = 0 ▷ Update Λinv

t every τ iterations
13: Λinv

t = (Vt + ϵIn)
− 1

2

14: else
15: Λinv

t = Λinv
t−1

16: end if
17: if m < n then
18: Wt+1 = Wt − ηtΛ

inv
t Mt

19: else
20: Wt+1 = Wt − ηtMtΛ

inv
t ▷ Precondition the 1st momentum dynamically

21: end if
22: end for
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(i) A key modification is the adaptive selection of the preconditioning side. Instead of fixing the605

preconditioner to one side, we dynamically choose to precondition on the side corresponding to the606

smaller dimension of the gradient matrix Gt in RD1×D2 . Specifically, if D1 < D2, the preconditioner607

is formed from GtG
T
t and applied from the left; otherwise (if D2 < D1), it is formed from GT

t Gt608

and applied from the right. This strategy, which aims to minimize computational overhead associated609

with the preconditioner, is also used by the Muon Optimizer. For 1D parameters (i.e., gradient vectors610

g), where one dimension is 1, this "smaller dimension" rule naturally leads to a scalar preconditioner611

(derived from gT g). This effectively implements a form of AdaGrad-Norm [Streeter and McMahan,612

2010, Ward et al., 2020] for these vector parameters. Consequently, this unified approach allows613

ASGO to efficiently handle all parameter structures, including 1D vectors, without needing a separate614

optimizer (like AdamW [Loshchilov and Hutter, 2017]) that is often employed for such parameters615

in methods like Muon [Jordan et al., 2024]. The convergence guarantees can be extended to this616

adaptive side selection, as each choice (left or right preconditioning) maintains a valid ASGO-like617

update structure (operating on W or WT , respectively)3.618

(ii) Exponential moving averages are used to update the preconditioner and incorporate momentum,619

following established practice, which results in Adam’s improvements across various tasks over620

AdaGrad.621

(iii) The preconditioner matrix is inverted every τ iterations, as is done in distributed Shampoo [Shi622

et al., 2023] and SOAP [Vyas et al., 2024]. This modification increases memory requirements but623

substantially reduces computational overhead while improving algorithmic stability.624

Special Design for Transformers. Furthermore, we introduce a specialized adaptation of ASGO625

for query and key matrices in attention layers. Recent work by Zhang et al. [2024b] has demonstrated626

that the Hessian structure of query and key layers differs significantly from conventional MLP layers.627

As illustrated in Figure 3, the number of dense blocks corresponds to the number of attention heads628

rather than output neurons. This observation aligns with the forward computation of multi-head629

attention, where attention scores are computed independently across different subspaces, suggesting630

that query and key parameters could be optimized in a head-wise manner. To leverage this insight,631

we reshape query and key parameters from matrices in Rn×hd to three-dimensional tensors Rh×n×d,632

and apply our optimization algorithm independently to each head’s subspace. This restructuring633

reduces both memory consumption and computational complexity by decreasing the matrix size634

from O(h2d2) into O(hd2). For instance, in NanoGPT [Karpathy, 2022], this adjustment reduces the635

preconditioning size of a single query/key parameter from approximately 106 elements into 105. The636

empirical performance of this modification is evaluated in Section C.637

A Diagonal Variant of ASGO. Drawing inspiration from Duchi et al. [2011] , we also implement638

a variant of ASGO using diagonal matrices, which we denote as DASGO, presented in Algorithm 3.639

DASGO can be viewed as a lightweight version of ASGO, which eliminates the need to compute640

the inverse square root of full matrices, and reduces memory requirements to a level comparable641

with Adam-mini [Zhang et al., 2024b]. It also makes the choice of which side of Mt to precondition642

unimportant in terms of computational effort, in contrast to ASGO. For DASGO, we choose to643

apply the diagonal preconditioner on the right side, aligning with the neuron architecture in DNNs.644

However, since DASGO only employs a diagonal preconditioner, it fails to recover the superior645

theoretical properties of ASGO under block-wise diagonal Hessian settings . We further empirically646

examine this tradeoff in Section 7.647

C Details of Empirical Experiments648

C.1 Pretraining NanoGPT649

Experimental Setup: As an initial experiment, we compared the performance of ASGO, DASGO,650

Muon, Shampoo, and Adam-W for training NanoGPT, which consists of 6 Transformer layers, 6651

attention heads, and an embedding dimension of 384, on the Shakespeare character-level dataset with652

a sequence length of 256 tokens. For all algorithms, we trained the model for 20 epochs, where each653

epoch contained 128 steps, using a batch size 128 and the OneCycle learning rate (lr) schedule.654

3For instance, applying ASGO with right-side preconditioning to W is equivalent to applying the original
left-side ASGO formulation to WT .
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Algorithm 3 Implementation of DASGO (Diagonal Adaptive Structured Gradient Optimization)
1: Input: W0 ∈ Rm×n, ϵ ∈ R, lr schedule {ηt}, momentums β1, β2 ∈ [0, 1), and batch size

M ∈ N
2: Initialize M−1 = 0 ∈ Rm×n, v−1 = 0 ∈ Rn

3: for t = 0 to T − 1 do
4: Sample mini-batch Bt with |Bt| ≡ M uniformly
5: Gt =

1
M

∑
ξ∈Bt

∇W f(Wt; ξ) ▷ Compute stochastic gradient
6: Mt = β1Mt−1 + (1− β1)Gt ▷ Accumulate momentum
7: vt = β2vt−1 + (1− β2) diag(G

⊤
t Gt) ▷ Use exponential moving average to update vector Vt

8: Wt+1 = Wt − ηtMt diag(vt + ϵ)−
1
2 ▷ Precondition by a diagonal Matrix from right side

9: end for
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Figure 5: Train Loss and Test Loss on the NanoGPT and Shakespeare Character Dataset

Before discussing hyperparameter (HP) tuning, we note that recent research [Shi et al., 2023, Morwani655

et al., 2024, Lin et al., 2024] has suggested treating the inverse order (IO) in Shampoo’s preconditioner656

as a tunable HP rather than using the standard value of −1/4. Notably, Morwani et al. [2024]657

demonstrated that Shampoo with IO= −1/2 provides a superior approximation of the full-matrix658

AdaGrad optimizer. Consequently, we treated the IO as a Shampoo HP in our pretraining experiments.659

Additionally, Shampoo’s performance is highly dependent on the initialization of its preconditioner660

matrices, as this is crucial for accurately approximating the Empirical Fisher Information Matrix661

[Morwani et al., 2024]. To address this initialization sensitivity, we implemented a preconditioner662

warmup phase specifically for Shampoo. Following the methodology in Ren and Goldfarb [2021], we663

dedicated the first epoch exclusively to accumulating statistics for the preconditioner matrices without664

updating model parameters. This approach yields a more robust estimation of the preconditioner,665

which significantly improves the stability of Shampoo during subsequent training iterations. Figure 5666

depicts the training loss and validation loss for training NanoGPT with Shampoo, DASGO, Muon,667

ASGO and Adam-W.668

Hyperparameter Tuning To ensure optimal performance for each optimizer, we conducted a669

comprehensive HP search using random search [Bergstra and Bengio, 2012, Choi et al., 2019] within670

the following predefined ranges: initial lr: [10−5, 10−1]; β1: [0.7, 0.99]; β2: [0.7, 0.99]; and selected671

the warmup factor from the set [0.1, 0.15, 0.2, 0.25, 0.3]. For the optimizers Shampoo and ASGO,672

we selected the update frequency τ from the set [5, 10, 15] and for Shampoo, we selected its IO as673

either − 1
2 or − 1

4 . HPs were selected based on validation loss after 20 epochs of training. For each674

optimizer, we performed a random search for 16 hours to find the optimal HP combination. These675

best HP choices for training NanoGPT are given in Table 3.676

Ablation Study: Impact of Special Query/Key Design In Appendix B, we highlighted the compu-677

tational benefits of specialized processing for Query and Key matrices in Transformer architectures.678

To validate these theoretical advantages empirically, we conducted an ablation study comparing679

the performance and training stability of ASGO and Muon on pretraining NanoGPT, both with680

and without the specialized Query-Key processing. We maintained the optimal HP configuration681

established in Table 3 for all parameters except the learning rate. For each algorithm variant (with and682

without specialized processing), we randomly sampled learning rates from a log-uniform distribution683
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Table 3: Hyperparameter selection for NanoGPT experiment

Optimizer learning rate β1 β2 warmup factor update frequency inverse order

Muon 0.00349 0.9881 N/A 0.3 N/A N/A
AdamW 0.00450 0.9332 0.9528 0.2 N/A N/A
DASGO 0.060 0.9584 0.9435 0.2 N/A N/A
Shampoo 0.00593 0.9402 0.9760 0.3 15 − 1

4
ASGO 0.01470 0.9541 0.8487 0.3 15 N/A

ranging from 10−5 to 10−1. Each configuration was trained for 5 epochs on the NanoGPT model,684

after which we recorded the validation loss. This approach allowed us to evaluate both performance685

and robustness to learning rate selection. Figure 6 presents the distribution of validation losses after 5686

epochs for both algorithms. The violin plots4 reveal several key insights: (1) For ASGO (Figure 6a),687

the benefits of specialized Query-Key processing are substantial. The specialized implementation688

demonstrates a narrower, lower distribution of validation losses (centered around 2.5), indicating689

greater stability across different learning rates. In contrast, the vanilla implementation shows a690

long-tailed distribution extending beyond loss values of 6.0, with several outliers representing training691

instability at certain learning rates. (2) For Muon (Figure 6b), both implementations demonstrate692

nearly identical performance distributions, with their median validation losses and distribution shapes693

showing minimal differences. However, the specialized implementation achieves this comparable694

performance while reducing memory requirements and computational complexity. This represents a695

clear efficiency advantage – the specialized Query-Key processing effectively provides computational696

savings with no performance penalty.697
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Figure 6: Distribution of validation losses after 5 epochs with varying learning rates.

C.2 Pretraining GPT2698

Experimental Setup: The model configuration consists of 12 Transformer layers, 12 attention699

heads, and an embedding dimension of 768. The total number of training steps was 1000, with a batch700

size per GPU of 32. The model was trained using Distributed Data Parallel (DDP) on 4 NVIDIA701

V100 GPUs, employing gradient accumulation over 8 steps. To ensure a fair comparison across all702

optimization algorithms, a consistent learning rate schedule was utilized: a linear warmup for the first703

200 steps, followed by a cosine annealing decay to a final learning rate of 1× 10−5 for the remainder704

of the training process. Training was conducted on the OpenWebText dataset with a sequence length705

of 512 tokens.706

Hyperparameter Tuning: To ensure optimal performance for each optimizer, we conducted a707

hyperparameter search using grid search. The search space for learning rate (lr) and 2nd momentum708

β2 (where applicable for the optimizer) included the following values:709

• Learning rate (lr): [1 × 10−5, 1 × 10−4, 5 × 10−4, 1 × 10−3, 5 × 10−3, 1 × 10−2, 5 ×710

10−2, 0.1, 0.5]711

4Violin plot outlines depict empirical probability density; i.e., the width of the shaded area represents the
proportion of the data located there. Box plots within a violin plot display the median and inter-quartile range.
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• β2: [0.7,0.8,0.9,0.95,0.99]712

Optimal hyperparameters were selected based on the validation loss achieved after 1000 training713

steps. The best hyperparameter choices for pretraining GPT-2 are presented in Table 4.

Table 4: Optimal hyperparameter selection for pretraining GPT-2.

Optimizer Learning Rate β1 β2 Damping ϵ Update Freq. (τ )

Muon 0.01 0.9 N/A N/A N/A
AdamW 0.005 0.9 0.99 1× 10−6 N/A
DASGO 0.01 0.9 0.99 1× 10−6 N/A
ASGO 0.1 0.9 0.95 1× 10−6 1

714

C.3 Finetune GPT2-Large715

Experimental Setup: We fine-tuned the GPT-2 Large model on the WikiText-2 dataset. We utilized716

the GPT-2 Large model, which comprises approximately 774 million parameters. This model is a717

transformer-based language model pretrained on English text using a Causal Language Modeling718

(CLM) objective, initially developed by OpenAI and was accessed via the Hugging Face Hub. The719

fine-tuning was performed on the WikiText-2 dataset, a standard benchmark for evaluating language720

model performance. The dataset was loaded directly using standard library functions. We investigated721

two distinct fine-tuning objectives:722

• Causal Language Modeling (CLM): The conventional autoregressive language modeling task.723

• Fill-in-the-Middle (FIM): Adopting the methodology from Bavarian et al. (2022). This objective724

trains the model to infill masked text spans within a document.725

All models were fine-tuned for a total of 2 epochs. For the learning rate, we employed a cosine726

annealing decay schedule over the course of these 2 epochs, with the learning rate decaying to 0727

by the end of training. No warmup phase was used for the fine-tuning learning rate schedule. The728

fine-tuning process used a batch size of 16 and a sequence length of 128 tokens. For each optimizer729

evaluated (AdamW, Muon, ASGO, and DASGO), all hyperparameters, with the exception of the730

learning rate, were maintained at the same values used in our GPT-2 pretraining experiments (as731

detailed in Table 4).732

Hyperparameter Tuning: For the fine-tuning experiments on WikiText-2, our hyperparameter733

tuning focused exclusively on identifying the optimal learning rate for each optimizer under both734

the CLM and FIM objectives. We performed a grid search over a predefined set of learning rate735

candidates: [1×10−6, 5×10−5, 1×10−4, 5×10−4, 1×10−3, 5×10−3]. The optimal learning rate736

for each optimizer and fine-tuning objective combination was determined by selecting the learning737

rate that yielded the lowest validation perplexity on the WikiText-2 validation set after the full 2738

epochs of fine-tuning. Table 5 shows the optimal learning rate.

Table 5: Optimal Learning rate from Finetuning GPT2-Large
AdamW Muon ASGO DASGO

CLM 5× 10−5 5× 10−4 1× 10−3 1× 10−3

FIM 1× 10−4 5× 10−4 1× 10−3 1× 10−3

739

Table 6 presents the average perplexity results obtained after fine-tuning the GPT2-Large (774M)740

model for 2 epochs on the WikiText-2 dataset. The ± indicates the 95% confidence intervals of the741

mean perplexity value over these 5 runs, starting from different random seeds.742

Damping parameter ϵ sensitivity study: In this section, we discuss the practical differences743

between ASGO and Muon. Theoretically, as discussed in Section 6, ASGO can be viewed as an744

adaptive extension of Muon. Specifically, ASGO’s update rule degenerates to that of Muon in the745

absence of momentum and adaptive scaling (i.e., when β1 = 0 and β2 = 0).746
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Table 6: Finetuning GPT2-Large Perplexity

AdamW Muon ASGO DASGO

CLM 14.010 ± 0.016 13.912 ± 0.003 13.879 ± 0.010 13.841 ± 0.019
FIM 17.458 ± 2.254 15.933 ± 0.102 15.661 ± 0.097 15.451 ± 0.072

Moreover, if we modify the formulas for Vt and Wt+1 in ASGO (Algorithm 2) to:747

if m < n then Vt = β2Vt−1 + (1− β2)MtM
⊤
t

else Vt = β2Vt−1 + (1− β2)M
⊤
t Mt

if m < n then Wt+1 = Wt − ηt(Vt + ϵI)−
1
2Mt

else Wt+1 = Wt − ηtMt(Vt + ϵI)−
1
2

(4)

and set β2 = 0 ASGO becomes identical to Muon, even with momentum. However, in practical train-748

ing implementations, a subtle yet crucial difference exists between ASGO and Muon. This distinction749

arises because ASGO applies an additional preconditioner with ϵ damping to the momentum term, a750

step not present in the standard Muon update.751

To precisely study these differences, we set up an experiment using the Muon optimizer as the752

background optimizer to train a GPT2-model on the NanoGPT dataset for 1000 steps. At each step,753

we computed and compared the Muon and ASGO update directions ∆W in the embedding, query,754

key, value, and MLP layers. Specifically, we computed:755

• Standard Muon Update Direction (SVD-based): ∆WMuon
SVD = UMV T

M , where UM and756

VM are the left and right singular vectors obtained from the first-order momentum M .757

• Modified ASGO Update Direction (SVD-based, ϵ = 0): ∆WASGO
SVD,ϵ=0 = V

− 1
2

t Mt, where758

V
− 1

2
t is computed via standard Singular Value Decomposition (SVD).759

• Modified ASGO Update Direction (SVD-based, ϵ = 10−8): ∆WASGO
SVD,ϵ=10−8 = (Vt +760

10−8I)−
1
2Mt, where (Vt + 10−8I)−

1
2 is computed via standard SVD.761

• Modified ASGO Update Direction (Coupled Newton, ϵ = 10−8): ∆WASGO
CN,ϵ=10−8 = (Vt +762

10−8I)−
1
2Mt, where (Vt + 10−8I)−

1
2 is computed using the Coupled Newton algorithm763

for 50 iteration steps. Higham [2008], Shi et al. [2023]764

• Modified ASGO Update Direction (Newton-Schulz, ϵ = 10−8): ∆WASGO
NS,ϵ=10−8 = (Vt +765

10−8I)−
1
2Mt, where (Vt + 10−8I)−

1
2 is computed using the Newton-Schulz algorithm for766

50 iteration steps.5 Higham [2008], Bernstein and Newhouse [2024b], Jordan et al. [2024]767

We then computed the cosine similarity6 between each of the four modified ASGO update directions768

and the standard Muon update direction ∆WMuon
SVD , and plotted these similarities in Figure 7.769

Unlike AdamW, ASGO exhibits sensitivity to the choice of the ϵ damping parameter. As depicted770

in Figure 7(a), when no damping term is used (ϵ = 0), ASGO’s update direction, though exhibiting771

some instability, largely reconstructs Muon’s update direction, with cosine similarities generally772

exceeding 0.8, particularly for the MLP and Embedding layers, as training progresses. However, the773

introduction of a small damping hyperparameter (ϵ = 10−8) significantly alters these similarities.774

Figure 7(b) shows that even with precise SVD computation, the similarities for layers like Value and775

Key only reach approximately 0.7 gradually. This suggests that the small ϵ value can introduce and776

accumulate errors during training, potentially leading to a degradation in optimizer performance, a777

behavior not typically observed in other common adaptive methods like AdamW. This phenomenon778

highlights the critical importance of small singular values in the preconditioning process, as applying779

a damping term can disproportionately affect them, thereby altering the matrix multiplication and780

5The Newton-Schulz algorithm is derived from Algorithm 6.35 on Page 153 in Higham [2008]. We utilized
the quintic version with parameters (a, b, c) = (2,−1.5, 0.5) as described in Jordan et al. [2024].

6CosineSimilarity(A,B) = Tr(ATB)
∥A∥F ∥B∥F
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(a) CosineSimilarity(∆WMuon
SVD ,∆WASGO

SVD,ϵ=0) (b) CosineSimilarity(∆WMuon
SVD ,∆WASGO

SVD,ϵ=10−8)

(c) CosineSimilarity(∆WMuon
SVD ,∆WASGO

CN,ϵ=10−8) (d) CosineSimilarity(∆WMuon
SVD ,∆WASGO

NS,ϵ=10−8)

Figure 7: Comparison of Cosine Similarities (CSs) between the Muon update direction (∆WMuon
SVD )

and various modified ASGO update directions in different layers (MLP, Value, Key, Query, Embed-
ding) during 1000 steps of GPT2 pretraining. Subfigures (a) and (b) plot CSs for SVD-based ASGO
update directions with ϵ = 0 and ϵ = 10−8, respectively. Subfigure (c) and (d) plot CSs for Coupled
Newton-based and Newton-Schulz-based, respectively, ASGO update directions with ϵ = 10−8.

amplifying errors. To circumvent this sensitivity, we opted to use an ϵ value of 0 in our large-scale781

GPT2 pretraining experiments described in Section 7.2. In this setting, we directly compute the SVD782

of the preconditioning matrix and its inverse square root. The results presented in Figure 2 indeed783

demonstrate that ASGO achieves performance highly similar to Muon.784

In Figure 7(c) and (d), we explore the use of more computationally efficient methods, Coupled Newton785

(CN) and Newton-Schulz (NS), respectively, to approximately compute V
− 1

2
t as alternatives to SVD.786

The results show that, aside from some numerical stability issues observed in the Embedding layer for787

both CN and NS at certain steps—which is reasonable given that the sparse nature of embedding layers788

often requiring larger damping parameters—the cosine similarities for the remaining parameters789

are highly comparable to those obtained with SVD. This demonstrates the feasibility of employing790

efficient matrix algorithms to replace SVD, thereby enhancing ASGO’s computational efficiency.791

This direction represents one of our promising avenues for future research.792

D Auxiliary Lemmas for the Proof793

Lemma 1 (Trace properties). For arbitrary matrices A ∈ Rm×n, B ∈ Rn×m, X,Y ∈ Rm×m, we794

have the following basic properties for the trace:795

1. tr (X) = tr
(
X⊤);796

2. tr (AB) = tr (BA);797

3. if X is symmetric positive semidefinite, tr (X) = ∥X∥∗ ≥ 0;798

4. if X,Y ⪰ 0 and X is symmetric, tr (XY ) ≥ 0.799

The following lemma notes the operator monotonicity of the power functions, which is a classic800

result [Löwner, 1934, Ando et al., 2004, Gupta et al., 2018].801

Lemma 2. The function f : x → xα with α ∈ [0, 1] is operator-monotone, i.e. if 0 ⪯ A ⪯ B, it802

holds that Aα ⪯ Bα.803
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Lemma 3. For symmetric positive definite matrices X,Y ∈ Rm×m, it holds that804

tr
(
(X + Y )

1
2

)
≤ tr

(
X

1
2 + Y

1
2

)
.

Proof. It holds that805

tr
(
(X + Y )

1
2

)
=tr

(
(X + Y )−

1
2 (X + Y )

)
=tr

(
(X + Y )−

1
2X
)
+ tr

(
(X + Y )−

1
2Y
)

≥tr
(
X

1
2

)
+ tr

(
Y

1
2

)
,

where the last inequality is based on Lemma 2 such that (X + Y )
1
2 ⪰ X

1
2 and the fact that806

A−1 ⪯ B−1 if A ⪰ B for symmetric positive definite matrices A,B. Further based on Lemma 1,807

we can finish the proof.808

Lemma 4. For a symmetric positive semidefinite matrix X ∈ Rm×m, it holds that809

tr
(
X

1
2

)
≤

m∑
j=1

√
[X]j,j .

Proof. The inequality is equivalent to that810

m∑
i=1

√
λi(X) ≤

m∑
i=1

√
[X]i,i,

where λi(X) denotes the i-th largest eigenvalue of X (the same as singular values for real symmetric811

positive semidefinite matrices). Firstly, we have the fact that the eigenvalues {λi(X)}mi=1 majorize812

the diagonal entries {[X]i,i}mi=1, i.e. for all 1 ≤ l < m,813

l∑
i=1

λi(X) ≥
l∑

i=1

[X]i,i, and
m∑
i=1

λi(X) =

m∑
i=1

[X]i,i.

Also, we know g : {xi}mi=1 →
∑m

i=1 x
1
2
i is a Schur-concave operator. Then we obtain the equality814

based on the Schur-Horn theorem, which implies that for a Schur-concave operator g, if sequence815

{xi}mi=1 majorizes {yi}mi=1, then g({xi}mi=1) ≤ g({yi}mi=1).816

Lemma 5. ∥·∥L is a norm, i.e., it satisfies the basic properties of norms. Its dual norm is ∥·∥L−1 .817

Proof. Denote X = [x1, . . . , xn] ∈ Rm×n, where each xi ∈ R1×m. Then we have818

tr
(
X⊤LX

)
=

n∑
i=1

x⊤
i Lxi =

[
x1

· · ·
xn

]⊤ L L
· · ·

L

[ x1

· · ·
xn,

]
,

which is a norm for the space Rm×n whose dual norm is ∥·∥L−1 . This concludes the proof.819

Lemma 6. Assume a non-negative sequence {xj}nj=1 and a positive sequence {sj}nj=1 with S =820 ∑n
i=1 sj , it holds that821

1

S

n∑
j=1

xj ≤

√√√√ 1

S

n∑
j=1

x2
j

sj
. (5)

The inequality holds as an equality if and only if for all i = 1, · · · , n and j = 1, · · · , n,
xi

si
=

xj

sj
.

Proof. A proof can be found in Lemma G.5 of the ICLR version of Liu et al. [2024].822
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E Proof of Nonsmooth Convergence of ASGO823

Proof of Theorem 1. Denote ∆Wt ≜ Wt −W∗ where W∗ is an optimum of Problem (1). From the824

algorithm update, we have825

∆W⊤
t+1Λt∆Wt+1 = ∆W⊤

t Λt∆Wt − ηt
(
G⊤

t ∆Wt +∆W⊤
t Gt

)
+ η2tG

⊤
t Λ

−1
t Gt.

Then, by taking trace of the above equality and rearranging, we can obtain that826

2ηttr
(
G⊤

t ∆Wt

)
= tr

(
∆W⊤

t Λt∆Wt −∆W⊤
t+1Λt∆Wt+1

)
+ η2t tr

(
G⊤

t Λ
−1
t Gt

)
.

By convexity, we know827

E
[
tr
(
G⊤

t ∆Wt

)]
= E [⟨∇f(Wt),∆Wt⟩] ≥ E[f(Wt)]− f(W∗).

Then combining these and taking summation over t and taking ηt ≡ η, we have828

2

T−1∑
t=0

E[f(Wt)]− f(W∗)

≤1

η
E

[
T−1∑
t=0

tr
(
∆W⊤

t Λt∆Wt −∆W⊤
t+1Λt∆Wt+1

)]
+ ηE

[
T−1∑
t=0

tr
(
G⊤

t Λ
−1
t Gt

)]

=
1

η
E

[
T−1∑
t=0

tr
(
∆W⊤

t Λt∆Wt −∆W⊤
t Λt−1∆Wt

)]
+

1

η
tr
(
∆W⊤

0 Λ−1∆W0

)
− 1

η
E
[
tr
(
∆W⊤

T ΛT−1∆WT

)]
+ ηE

[
T−1∑
t=0

tr
(
G⊤

t Λ
−1
t Gt

)]

≤1

η
tr
(
∆W⊤

0 Λ−1∆W0

)
+

1

η
E

[
T−1∑
t=0

tr
(
∆W⊤

t (Λt − Λt−1)∆Wt

)]
+ ηE

[
T−1∑
t=0

tr
(
G⊤

t Λ
−1
t Gt

)]
,

(6)
where we note Λ−1 = ϵIm. Thus the first term on the RHS of (6) can be bounded by ϵ as829

1

η
tr
(
∆W⊤

0 Λ−1∆W0

)
=

ϵ

η
∥∆W0∥2F ≤ ϵD2

F

η
. (7)

We then deal with the second and third terms separately. For the second term, we have830

T−1∑
t=0

tr
(
∆W⊤

t (Λt − Λt−1)∆Wt

)
=

T−1∑
t=0

tr
(
∆Wt∆W⊤

t (Λt − Λt−1)
)

=

T−1∑
t=0

〈
∆Wt∆W⊤

t ,Λt − Λt−1

〉
≤

T−1∑
t=0

∥∥∆Wt∆W⊤
t

∥∥
op

∥Λt − Λt−1∥∗

=

T−1∑
t=0

∥∆Wt∥2op tr (Λt − Λt−1) ≤ D2
optr (ΛT−1 − tr (Λ−1)) .

(8)
Note that the first and last equalities are based on the properties of the trace, (see Lemma 1). The831

first inequality is based on the duality of the ∥·∥op and ∥·∥∗ norms. The third equality relies on the832

positive semidefiniteness of Λt − Λt−1 for all t based on Lemma 2, since Λ2
t − Λ2

t−1 = GtG
⊤
t ⪰ 0.833

For the third term of (6), we have834

tr
(
G⊤

t Λ
−1
t Gt

)
=tr

(
GtG

⊤
t Λ

−1
t

)
= tr

(
(Λ2

t − Λ2
t−1)Λ

−1
t

)
=tr

((
(Λt − Λt−1) · 2Λt − (Λt − Λt−1)

2 + Λt−1Λt − ΛtΛt−1

)
Λ−1
t

)
=2tr (Λt − Λt−1)− tr

(
(Λt − Λt−1)

2Λ−1
t

)
+ tr

(
(Λt−1Λt − ΛtΛt−1)Λ

−1
t

)
≤2tr (Λt − Λt−1) ,

(9)
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where the last inequality follows from the fact that835

tr
(
(Λt − Λt−1)

2Λ−1
t

)
= tr

([
(Λt − Λt−1)Λ

− 1
2

t

] [
(Λt − Λt−1)Λ

− 1
2

t

]⊤)
≥ 0

and836

tr
(
(Λt−1Λt − ΛtΛt−1)Λ

−1
t

)
= tr (Λt−1)− tr

(
ΛtΛt−1Λ

−1
t

)
= 0,

which are based on the positive definiteness of Λt and the properties of the trace (Lemma 1). Therefore,837

by substituting (7), (8), and (9) into (6), we have838

2

T−1∑
t=0

E[f(Wt)]− f(W∗)

≤1

η
tr
(
∆W⊤

0 Λ−1∆W0

)
+

1

η
E

[
T−1∑
t=0

tr
(
∆W⊤

t (Λt − Λt−1)∆Wt

)]
+ ηE

[
T−1∑
t=0

tr
(
G⊤

t Λ
−1
t Gt

)]

≤ϵD2
F

η
+

(
D2

op

η
+ 2η

)
E [tr (ΛT−1 − Λ−1)]

=

(
D2

op

η
+ 2η

)
E

tr
(T−1∑

t=0

GtG
⊤
t

) 1
2

+
ϵD2

F

η
.

Taking η = Dop completes the proof.839

Based on Theorem 1 and Lemma 8, we can also prove Corollary 2.840

Proof of Corollary 2. Based on the results in Theorem 1, if we additionally have841

E
[
GtG

⊤
t

]
⪯ Q2,

then using Lemma 8, we can obtain that842

E

∥∥∥∥∥∥
(

T−1∑
t=0

GtG
⊤
t

) 1
2

∥∥∥∥∥∥
∗

 (10)
≤E


√√√√√∥Q∥∗ tr

(T−1∑
t=0

GtG⊤
t

) 1
2

Q−1

(
T−1∑
t=0

GtG⊤
t

) 1
2




=E


√√√√∥Q∥∗ tr

(
T−1∑
t=0

GtG⊤
t Q

−1

)
≤

√√√√∥Q∥∗
T−1∑
t=0

tr
(
E
[
GtG⊤

t

]
Q−1

)

≤

√√√√∥Q∥∗
T−1∑
t=0

∥Q∥∗ =
√
T ∥Q∥∗ ,

where the first equality is based on Lemma 1 and the second inequality is based on the fact that843

g(x) =
√
x is concave for x ≥ 0. This concludes the proof.844

We also provide the following proof for the comparison between Theorem 1 and the convergence845

rates of Shampoo and full-matrix AdaGrad.846

Proof of Comparison with Shampoo and full-matrix AdaGrad. We list the convergence rates here.847

Full-Matrix AdaGrad: O

DF

m∑
j=1

n∑
i=1

√√√√T−1∑
t=0

[Gt]2i,j


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Shampoo: O

√
rGDF · tr

(T−1∑
t=0

GtG
⊤
t

) 1
4

 · tr

(T−1∑
t=0

G⊤
t Gt

) 1
4


ASGO: O

Dop · tr

(T−1∑
t=0

GtG
⊤
t

) 1
2

 ≤ O

Dop ·
m∑
j=1

√√√√ n∑
i=1

T−1∑
t=0

[Gt]2i,j

 .

The last inequality for ASGO is based on Lemma 4. We first compare ASGO and full-matrix848

AdaGrad:849

tr

(T−1∑
t=0

GtG
⊤
t

) 1
2

 ≤
m∑
j=1

√√√√[T−1∑
t=0

GtG⊤
t

]
j,j

=

m∑
j=1

√√√√ n∑
i=1

T−1∑
t=0

[Gt]2i,j ≤
m∑
j=1

n∑
i=1

√√√√T−1∑
t=0

[Gt]2i,j ,

where the first inequality is based on Lemma 4 and the second inequality is simply a fact that for any850

vector x, we have ∥x∥2 ≥ ∥x∥1. Thus we prove that the proven convergence rate of ASGO is at least851

DF/Dop times faster than full-matrix AdaGrad.852

Then we compare ASGO and Shampoo. We have853

tr
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GtG
⊤
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2
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〉
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4
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t
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4
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=tr
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GtG
⊤
t
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4

 ·

∥∥∥∥∥
T−1∑
t=0

GtG
⊤
t
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1
4

op

,

where the inequality is based on the fact that ∥·∥op and ∥·∥∗ are dual norms. Then we have854

∥∥∥∥∥
T−1∑
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GtG
⊤
t
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1
4

op

≤
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op
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4

=
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t Gt
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op

) 1
4

≤

(
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(
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t Gt

)) 1
4

≤ tr
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G⊤
t Gt

) 1
4

 ,

where the first inequality is based on that ∥·∥op is a norm and the second inequality is based on the855

fact that tr (X) ≥ ∥X∥op for symmetric positive semidefinite X , and the third inequality is based on856

the fact that (tr (X))
1
4 ≤ tr

(
X

1
4

)
because if we denote σj as the j-th singular value of X , we have857

(tr (X))
1
4 =

 r∑
j=1

σj

 1
4

≤
r∑

j=1

σ
1
4
j .

Thus we can conclude that858

tr

(T−1∑
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GtG
⊤
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2

 ≤ tr

(T−1∑
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4

 · tr
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4
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Therefore, the proven rate of ASGO is at least
√
rGDF/Dop times faster than Shampoo.859
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F Proof of Smooth Convergence of ASGO860

The starting point of the smooth analysis is Theorem 1. For notation simplicity, we denote Nt ≜861

Gt −∇f(Wt) and ∇ft ≜ ∇f(Wt) in this section.862

Lemma 7 (Separate Gradient and Noise). Under the same settings as Theorem 1, it holds that863

1

T
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E

∥∥∥∥∥∥
(
2

T−1∑
t=0

∇ft∇f⊤
t

) 1
2

∥∥∥∥∥∥
∗

+
Dop

T
E

∥∥∥∥∥∥
(
2
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2
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F
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.

Proof. Based on Theorem 1, we have864
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Here the first inequality comes directly from Theorem 1. The second inequality is based on the fact865

that for all A,B ∈ Rm×n we have866

2AA⊤ + 2BB⊤ − (A+B)(A+B)⊤ =AA⊤ +BB⊤ −A⊤B −B⊤A

=(A−B)(A−B)⊤ ⪰ 0.

The last inequality is based on Lemma 3.867

The following lemma is a key technical lemma for proving the smooth convergence results, which is868

a generalization to the matrix case of Lemma 6.869

Lemma 8 (An upper bound on ∥·∥∗). For a symmetric positive definite matrix Λ ∈ Rm×m and870

matrix G ∈ Rm×n, it holds that871

∥G∥∗ ≤
√

∥Λ∥∗ tr (G⊤Λ−1G). (10)

Proof. We first consider the case Λ = diag[λ1, . . . , λm] is a diagonal matrix. We have872

∥G∥∗ =tr
((

GG⊤) 1
2

)
≤

m∑
j=1

√
[GG⊤]j,j

≤

√√√√√
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 m∑
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
=
√
∥Λ∥∗ tr (GG⊤Λ−1) =

√
∥Λ∥∗ tr (G⊤Λ−1G),

where the first inequality is based on Lemma 4 and the second inequality is based on Lemma 6.873

Then we prove that this holds for general symmetric positive definite matrix Λ. Let the singular value874

decomposition be Λ = UΣU⊤. Denote G̃ = U⊤G. Since Σ ∈ Rm×m is a diagonal matrix, it holds875

that876

∥G∥∗ =
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=
√
∥Λ∥∗ tr (G⊤Λ−1G),

which concludes the proof.877
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We also use the following lemma to indicate the reduction of variance by batch size M .878

Lemma 9 (Variance reduction by batch size). Under Assumption 3, we have879

E
[
NtN

⊤
t

]
⪯ 1

M
V 2,

where we denote Nt ≜ Gt −∇f(Wt) for Algorithm 1.880

Proof. For notation simplicity, we denote N(Wt; ξ) ≜ ∇f(Wt; ξ)−∇f(Wt) and thus881

Nt =
1

M

∑
ξ∈B

N(Wt; ξ).

Then it holds that882

E
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ξ∈B

V 2 =
1

M
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where the last equality is based on that ∇f(Wt; ξ) are mutually independent and E[N(Wt; ξ)] = 0883

and the last inequality is based on Assumption 3.884

Then based on these lemmas, we can prove the smooth results.885

Proof of Theorem 3. We separately deal with the bias and variance terms, which refer to the first886

two terms on the RHS of Lemma 7. For the bias part, by plugging in the smoothness matrix L into887

Lemma 8, we can obtain888
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2(f(Wt)− f(W∗)),

where the equalities are based on Lemma 1 and the second inequality is based on the fact that g(x) =889 √
x is concave for x ≥ 0. The last inequality is based on the properties of smoothness [Nesterov890

et al., 2018] and the fact that ∥·∥L−1 is the dual norm of ∥·∥L.891

Then, for the variance part, let us first assume M = 1 for simplicity, then we have892

E

∥∥∥∥∥∥
(

T−1∑
t=0

NtN
⊤
t

) 1
2

∥∥∥∥∥∥
∗

 (10)
≤E


√√√√√∥V ∥∗ tr

(T−1∑
t=0

NtN⊤
t

) 1
2

V −1

(
T−1∑
t=0

NtN⊤
t

) 1
2




=E


√√√√∥V ∥∗ tr

(
T−1∑
t=0

NtN⊤
t V −1

)
27



≤
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√
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where the equality is based on Lemma 1. and the second inequality is based on the fact that893

g(x) =
√
x is concave for x ≥ 0. Then plugging these in Lemma 7, we have894

1
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Thus if we denote x =
√

1
T

∑T−1
t=0 E[f(Wt)− f(W∗)], we can write the inequality as895

x2 ≤ bx+ c,

where896

b =
2Dop

√
∥L∥∗√
T

, c =

√
2Dop ∥V ∥∗√

T
+

ϵD2
F

DopT
.

Then as x ≥ 0, we can solve this simple quadratic inequality to obtain that897

x2 ≤ 1

4

(
b+

√
b2 + 4c

)2
≤ 2b2 + 2c

⇐⇒ 1

T

T−1∑
t=0

E[f(Wt)− f(W∗)] ≤
4D2

op ∥L∥∗
T

+
2
√
2Dop ∥V ∥∗√

T
+

2ϵD2
F

DopT
,

which concludes the proof for M = 1. Then, based on Lemma 9 to incorporate batch size M > 1,898

we finish the proof.899

G Proof of Section 6900

Muon [Jordan et al., 2024] is essentially the following algorithm:901

Bt = µBt−1 +Gt

Ut, St, Vt = Compact SVD(Bt)

Wt+1 =Wt − ηtUtV
⊤
t ,

(11)

where Gt is the gradient obtained at Wt and Ut ∈ Rm×rt , Vt ∈ Rrt×n are the matrices of the rt left902

and right singular vectors corresponding to the non-zero singular values of Bt that are the diagonal903

components of the diagonal matrix St ∈ Rrt×rt with rt being the rank of Bt. Note that UtStV
⊤
t904

is referred to as the "compact" or "Reduced" SVD of Bt. Muon implements this algorithm using905

Newton-Schulz matrix iterations to approximately compute UtV
⊤
t instead of directly employing906

SVD to improve computational efficiency. The relationship between (11), with Bt = Gt, and (2)907

is interpreted in Bernstein and Newhouse [2024b] (see Story II). In the following discussion, we908

refer Muon as the one described in (11). We first show that ASGO and Muon, without gradient909

accumulation and momentum, are equivalent.910

Proposition 1. If in ASGO (Algorithm 2 version) we set β1 = β2 = 0, ϵ = 0, and τ = 1, and in911

Muon (11) we set µ = 0, ASGO is equivalent to Muon.912

Proof. Let UtStV
⊤
t be the compact SVD of Gt. For ASGO, the update is913

Wt+1 =Wt − ηt(GtG
⊤
t )

− 1
2Gt
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1
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2
t )

− 1
2U⊤

t UtStV
⊤
t

=Wt − ηtUtS
−1
t StV

⊤
t

=Wt − ηtUtV
⊤
t .

Clearly, this is the same as Muon.914

We now prove a nonconvex convergence result for Muon in the deterministic case with µ = 0.915

Theorem 4 (Nonconvex convergence of Muon). We consider Muon presented in (11) with µ = 0. In916

the deterministic case, i.e. no gradient noise, if we assume that there exists a lower bound f∗ such917

that f(W ) ≥ f∗ for all W and Assumption 2, by taking ηt ≡ η =
√

2(f(W0)−f∗)
∥L∥∗T

, it holds that918
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Proof. Since we assume the deterministic setting, we have Gt = ∇f(Wt). Also, since we assume919

µ = 0, we have Ut, Vt are the left and right singular vectors of Gt such that Gt = UtStV
⊤
t . Then920

based on the smoothness assumption, it holds that921
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where the last inequality is because of the fact that UU⊤ ⪯ I and Lemma 1. Then by summing up922

over t and rearrangement, we can obtain that923

T−1∑
t=0

ηt ∥Gt∥ ≤ f(W0)− f(WT ) +

T−1∑
t=0

η2t
2

∥L∥∗ .

Then we take ηt ≡ η to obtain that924
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ηT
+

η

2
∥L∥∗ .

Setting η =
√

2(f(W0)−f∗)
∥L∥∗T

finishes the proof.925
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mizers are properly credited via citations in the paper. Key open-source projects utilized1180

include Karpathy’s NanoGPT (Karpathy [2022], MIT License) and the specific version of1181

Muon code we adapted from github.com/KellerJordan/Muon (Jordan et al. [2024], MIT1182

License). For finetuning GPT-2 (Radford et al. [2019]), we utilized example scripts from1183

the Hugging Face Transformers library (which is Apache 2.0 licensed). The datasets are1184

standard benchmarks with established public licenses, and we have respected their terms of1185

use.1186

Guidelines:1187

• The answer NA means that the paper does not use existing assets.1188
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• The authors should cite the original paper that produced the code package or dataset.1189

• The authors should state which version of the asset is used and, if possible, include a1190

URL.1191

• The name of the license (e.g., CC-BY 4.0) should be included for each asset.1192

• For scraped data from a particular source (e.g., website), the copyright and terms of1193

service of that source should be provided.1194

• If assets are released, the license, copyright information, and terms of use in the1195

package should be provided. For popular datasets, paperswithcode.com/datasets1196

has curated licenses for some datasets. Their licensing guide can help determine the1197

license of a dataset.1198

• For existing datasets that are re-packaged, both the original license and the license of1199

the derived asset (if it has changed) should be provided.1200

• If this information is not available online, the authors are encouraged to reach out to1201

the asset’s creators.1202

13. New assets1203

Question: Are new assets introduced in the paper well documented and is the documentation1204

provided alongside the assets?1205

Answer: [Yes]1206

Justification: An anonymized version of our code and experimental scripts is provided in the1207

supplementary material. This includes initial documentation (e.g., a README with setup1208

instructions and guidance for running key experiments), which will be further detailed for1209

the full public release.1210

Guidelines:1211

• The answer NA means that the paper does not release new assets.1212

• Researchers should communicate the details of the dataset/code/model as part of their1213

submissions via structured templates. This includes details about training, license,1214

limitations, etc.1215

• The paper should discuss whether and how consent was obtained from people whose1216

asset is used.1217

• At submission time, remember to anonymize your assets (if applicable). You can either1218

create an anonymized URL or include an anonymized zip file.1219

14. Crowdsourcing and research with human subjects1220

Question: For crowdsourcing experiments and research with human subjects, does the paper1221

include the full text of instructions given to participants and screenshots, if applicable, as1222

well as details about compensation (if any)?1223

Answer: [NA]1224

Justification: The paper does not involve crowdsourcing nor research with human subjects.1225

Guidelines:1226

• The answer NA means that the paper does not involve crowdsourcing nor research with1227

human subjects.1228

• Including this information in the supplemental material is fine, but if the main contribu-1229

tion of the paper involves human subjects, then as much detail as possible should be1230

included in the main paper.1231

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,1232

or other labor should be paid at least the minimum wage in the country of the data1233

collector.1234

15. Institutional review board (IRB) approvals or equivalent for research with human1235

subjects1236

Question: Does the paper describe potential risks incurred by study participants, whether1237

such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)1238

approvals (or an equivalent approval/review based on the requirements of your country or1239

institution) were obtained?1240
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Answer: [NA]1241

Justification: The paper does not involve crowdsourcing nor research with human subjects.1242

Guidelines:1243

• The answer NA means that the paper does not involve crowdsourcing nor research with1244

human subjects.1245

• Depending on the country in which research is conducted, IRB approval (or equivalent)1246

may be required for any human subjects research. If you obtained IRB approval, you1247

should clearly state this in the paper.1248

• We recognize that the procedures for this may vary significantly between institutions1249

and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the1250

guidelines for their institution.1251

• For initial submissions, do not include any information that would break anonymity (if1252

applicable), such as the institution conducting the review.1253

16. Declaration of LLM usage1254

Question: Does the paper describe the usage of LLMs if it is an important, original, or1255

non-standard component of the core methods in this research? Note that if the LLM is used1256

only for writing, editing, or formatting purposes and does not impact the core methodology,1257

scientific rigorousness, or originality of the research, declaration is not required.1258

Answer: [NA]1259

Justification: Core method development in this research does not involve LLMs as any1260

important, original, or non-standard components. We only used an LLM for assistance1261

with writing, editing, or formatting purposes, and this usage does not impact the core1262

methodology, scientific rigor, or originality of the research.1263

Guidelines:1264

• The answer NA means that the core method development in this research does not1265

involve LLMs as any important, original, or non-standard components.1266

• Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)1267

for what should or should not be described.1268
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